Recently we proposed a particle-number-conserving theory for nuclear pairing [Jia, Phys. Rev. C 88, 044303 (2013)] through the generalized density matrix formalism. The relevant equations were solved for the case when each single-particle level has a distinct set of quantum numbers and could only pair with its time-reversed partner (BCS-type Hamiltonian). In this work we consider the more general situation when several single-particle levels could have the same set of quantum numbers and pairing among these levels is allowed (HFB-type Hamiltonian). The pair condensate wavefunction (the HFB wavefunction projected onto good particle number) is determined by the equations of motion for density matrix operators instead of the variation principle. The theory is tested in the simple two-level model with factorizable pairing interactions and the semi-realistic model with the zero-range delta interaction.
I. INTRODUCTION
The Bardeen-Cooper-Schrieffer (BCS) theory [1] or its advanced version the Hartree-Fock-Bogoliubov (HFB) theory [2] has long been used to treat pairing correlations [3] in atomic nuclei. In the mean field we introduce the Bogoliubov quasi-particles and write the ground state as a Slater determinant of the latter. Usually the variation principle is used to determine the structure of the quasiparticles. Although enjoying great success, the method has disadvantages of breaking the exact particle number and a need for an unphysical minimum pairing-force strength [4, 5] .
The theory could be improved by the "variation after particle-number projection" (VAPNP) procedure, in which the BCS or HFB wavefunction is projected onto good particle number before the variation is done [6] . Effectively, the pair condensate wavefunction [Eq. (2) ] is taken as the variational ground state. The method has been discussed [6] [7] [8] [9] [10] and applied with success to ultrasmall metallic grains [11] [12] [13] in the VAPNP+BCS version, and to realistic nuclei [14] [15] [16] [17] [18] in the VAPNP+HFB version. However, the computing time cost is relatively large and there is only a limited number of nuclei on the nuclear chart that has been calculated by the VAPNP + HFB method in large configuration spaces.
Recently we proposed [19] a new criteria to determine the pair condensate wavefunction based on the Heisenberg equations of motion for density matrix operators. The relevant equations have been solved for the BCStype Hamiltonian: Each single-particle level has a distinct set of quantum numbers corresponding to the symmetries of the pairing operator, thus a level could only be paired with its time-reversed partner. The validity of the theory has been proved on a large ensemble with * Electronic address: liyuan.jia@usst.edu.cn random interactions [20] . In this work we consider the general situation of the HFB-type Hamiltonian, where several single-particle levels could have the same set of quantum numbers and pairing among them is allowed. The method should cost much less time in computing compared with the traditional variational calculation. In the algorithm of the current theory only the one-body density matrices on the pair condensate are calculated, whereas the variation principle needs the two-body density matrices in computing the expectation value of a two-body Hamiltonian.
In Sec. II we give the general formalism to solve for the particle-number-projected HFB wavefunction with the pairing theory based on the generalized density matrix (GDM) formalism. Then the method is tested in the simple two-level model with factorizable pairing interactions and in the semi-realistic model with the zero-range delta interaction, in Sec. III and Sec. IV, respectively. Finally Sec. V summarizes the work.
II. FORMALISM
The antisymmetrized (two-body) fermionic Hamiltonian governing the dynamics of the system is written as
In the presence of pairing correlations, the ground state of the 2N -particle system is assumed to be an N -pair condensate,
where χ N is the normalization factor, P † is the pair creation operator
In Eq. (3) Λ represents a subspace consisting of "pairindices" whose dimension is half of that of the singleparticle space. We could take, for example, Λ to consist of those single-particle levels with a positive magnetic quantum number. |β is the time-reversed level of the single-particle level |β (|β = −|β ). The pair structure matrix v αβ is Hermitian and block-diagonal. The time-reversal invariance of |φ N implies that v βα = v
The normalization factor χ N (2), occupation numbers n 1 (8) , and pair-transfer amplitudes s 1 (9) are functions of the pair structures v 1 (7); their functional forms, as the "kinematics" of the system, have already been given in Eqs. (23) and (24) of Ref. [19] and are not repeated here.
The Hartree-Fock mean field f and pairing mean field δ are defined as
f and δ are block-diagonal matrix: f 12 and δ 12 vanish unless |1 and |2 have the same quantum number τ . The Hamiltonian parameters (ǫ 12 and V 1234 ) in Eqs. (10) and (11) should be calculated from those in the original single-particle basis (ǫ αβ and V αβγδ ) through the transformation (4). The equation of motion for the density matrix κ has been derived in Eq. (14) of Ref. [19] ,
where E N and E N −1 are ground state energies for |φ N and |φ N −1 , respectively. On the right-hand side, f and δ are the mean fields (10) and (11), f T is the transpose of f , and terms like 'f κ' are understood as matrix multiplication. In deriving Eq. (12) we have used the main approximation of the method,
which says that on the pair condensate (2) the twobody density matrix factorizes into products of one-body density matrices in both the particle-hole and particleparticle channels. Equation (12) is a block-diagonal matrix equation; its 12 matrix element vanishes unless |1 and |2 have the same quantum number τ . Within each block we take the 12 matrix element on both sides of Eq. (12), when 1 = 2 we get after simplification
And the 11 matrix element gives
Equations (14) and (15) are the main equations of the theory. Below we show that the number of constraints from these two equations equals to the number of parameters in the pair structure v αβ (3); thus the latter is fixed completely.
We assume a single-particle space of dimension 2Ω split by the quantum number τ as Ω = τ Ω τ . The number of restrictions in Eq. (14) is τ 2C
− Ω (there is a factor 2 because the equation has real and imaginary parts). Equation (15) implies that the right-hand side is independent of the single-particle label 1, which gives Ω − 1 constraints. Hence the total number of constraints is τ Ω 2 τ − 1. On the other hand, the number of independent parameters in the Hermitian block-diagonal pair-structure matrix v αβ (3) is τ Ω 2 τ −1 (There is a "−1" because an overall normalization factor does not matter). The number of restrictions indeed equals to the number of parameters.
In practical calculations usually the Hamiltonian parameters ǫ αβ and V αβγδ (1) are real. In this case the pair structures v αβ (3) could be taken as real numbers and the transformation η (4) is an orthogonal matrix. The number of restrictions from Eqs. (14) and (15) is
− 1, which equals to the number of independent parameters in the real symmetric block-diagonal pair-structure matrix v αβ (3). In the following we assume that this is the case.
An alternative parametrization may be more convenient in practice. The independent parameters could be taken as those in the orthogonal transformation η (4) and the pair structure in the canonical basis v 1 (7). The orthogonal transformation for Ω τ = 2 could be parameterized as
For Ω τ = 3,
And in general,
η = i<j η (ij) .(17)
III. TWO-LEVEL MODEL
We test the formalism in the simple model with two single-particle levels and a factorizable pairing interaction. The theory is solved analytically and the results are compared with the exact shell-model results.
We assume the rotational invariance and a singleparticle space of two j-levels each with degeneracy 2Ω = 2j + 1 (degenerate in the magnetic quantum number m). The fermionic Hamiltonian (1) takes the form
where Π † is the pairing operator
in which g and p are "diagonal" and "off-diagonal" pairing strengths, respectively. The Hamiltonian parameters in the canonical single-particle basis are calculated through the transformation (16),
where
and
Based on Eqs. (10) and (11) we compute the matrix elements of the mean fields in the canonical single-particle basis,
, and
Consequently Eqs. (14) and (15) imply
These two equations fix the two independent model parameters v 2 /v 1 and θ (n 1 and s 1 are functions of v 2 /v 1 ). Then the density matrices in the original single-particle basis are calculated through the transformation η (16),
We consider the range of model parameters in the realistic spherical nuclear shell model. Usually the two single-particle levels |α and |β belong to different major shells and ǫ β − ǫ α is bigger than 10 MeV in magnitude that is about the energy of two major-shell gaps (adjacent major shells have opposite parity). Based on the empirical pairing strength formula G = g 2 ≈ 20/A MeV (A is the mass number) [21] , G = g 2 should be less than 2 MeV in medium and heavy nuclei having considered possible deviations from the constant pairing formula. The off-diagonal pairing strength p is usually smaller than the diagonal pairing strength g owing to the smaller overlap of the two single-particle wavefunctions involved.
We test the model numerically in an ensemble consisting of examples with different model parameters. The single-particle angular momentum j of the examples takes value from j = 2 . The number of pairs is in the range 1 ≤ N ≤ 2j = 2Ω − 1 (from two particles to two holes in the model space). The energy gap between the two single-particle levels is selected to be the energy unit so that ǫ α = −0.5 and ǫ β = 0.5. Based on the estimations in the previous paragraph, we choose the range of the pairing strength to be 0 < g ≤ 0.5 and 0 < p ≤ g with step size 0.1. We scan the whole parameter space and the total number of examples in the ensemble is 15 j 2j = 15 × 24 = 360 (the factor of 15 is the number of possible values of g and p).
The results for the density matrices ρ and κ in the original single-particle basis are shown in Figs. 1 and 2 , respectively. Each point in these figures corresponds to one example in the ensemble with the horizontal coordinate being the exact result of the respective quantity and the vertical one being that from the GDM calculation, thus a perfect calculation would have all the points lying on the y = x straight line. From Figs. 1 and 2 we see that in general the GDM theory reproduces the exact density matrices well. The root-mean-square deviations are σ ραα = σ ρ ββ = 0.0125, σ ρ αβ = σ ρ βα = 0.0198, σ καα = 0.0183, σ κ ββ = 0.0214, σ κ αβ = σ κ βα = 0.0384. σ ραα and σ ρ ββ are equal because ρ αα + ρ ββ = N/Ω. The results for the ground state energies are shown in Fig. 3 . The horizontal coordinate of each point is the pairing correlation energy for the example E pair ≡ 1 ǫ 1 n F 1 − E exact , where E exact is the exact ground state energy by the direct diagonalization, and n F 1 = 1 or 0 is the occupation number of the naive Fermi distribution. The vertical coordinate is the ground state energy by the GDM calculation measured from the exact one, E GDM = φ N |H|φ N − E exact , where φ N |H|φ N is calculated in the canonical single-particle basis using the Hamiltonian (20) together with the recursive formulas derived in Refs. [19, 22] . We see that in general the GDM calculation reproduces well the ground state energies: the errors are small compared with the pairing correlation energies. The average values of the errors and the pairing correlation energies for the ensemble arē E GDM = 0.0198 andĒ pair = 1.78, respectively.
At last in Fig. 4 we show the accuracy of the method depending on the off-diagonal pairing strength p. The 360 examples in the ensemble are divided into five subgroups according to the value of p, and deviations within each subgroup of various quantities are calculated. We see that in general the errors of the GDM calculation increase with p. In realistic spherical nuclear shell model p should be smaller than about 0.3 based on the estimations made in the paragraph below Eq. (26). In this region the GDM theory is rather accurate.
IV. MODEL WITH ZERO-RANGE DELTA INTERACTION
In this section we further test the theory in a semirealistic model with the pairing Hamiltonian matrix elements calculated from the zero-range delta interaction. The model has only one species of nucleons (for example, neutrons) and the single-particle space consists of five levels: three of them (2s 1/2 , 1d 3/2 , 1d 5/2 ) are from the 4 ω major shell and two (3s 1/2 , 2d 5/2 ) are from the 6 ω major shell. The single-particle energies are determined by random number generator to be ǫ 2s 1/2 = 1.16, ǫ 1d 3/2 = 2.11, ǫ 1d 5/2 = 0.11, ǫ 3s 1/2 = 12.98, and ǫ 2d 5/2 = 10.37 MeV (The gap between the 4 ω and 6 ω major shells is taken to be around 10 MeV). The two-body pairing matrix elements [ αβ; J|V |γδ; J with J = 0] are calculated from the zero-range delta interaction V ( r 1 , r 2 ) = −λδ( r 1 − r 2 ), taking the single-particle wavefunctions (|α , |β ...) to be the harmonic oscillator ones. We perform six sets of calculations at different model parameters of the particle number 2N and the pairing strength λ as listed in table I. The unit for λ is MeV · b 3 , where b = /(µω) is the length parameter for the harmonic oscillator wavefunctions (µ is the mass of the nucleon). Values of λ are chosen so that magnitudes of the resulting two-body pairing matrix elements are realistic. The last row of table I shows the average value of the pairing matrix elements of a specific form, mean[−V αααα ] = − α V αααα /(2Ω), where α runs over the entire single-particle space whose dimension is 2Ω.
The results are shown in table II. We see that in general the GDM calculation reproduces the exact density matrices accurately, except for the very small value of ρ ββ in set5. Particularly, the abrupt change of κ values from set3 to set4 is captured very well. The off-diagonal parts of the density matrices (ρ αµ , ρ γν , κ αμ , and κ γν ), originating from the "off-diagonal" parts of the HFB-type pairing Hamiltonian, are always well reproduced, ranging from a less-than-one-percent effect to a few. The errors of the GDM ground state energy relative to the exact ones are shown in the last column. We see that the errors are small and consistent with the statistical estimate made within a large random ensemble for the case of a BCS-type pairing Hamiltonian in Ref. [20] .
V. SUMMARY
In summary, we considered the solution of the GDM pairing theory with the HFB-type Hamiltonian. In the algorithm only the one-body density matrix is computed, thus the method should be much faster than the VAPNP + HFB method in which the two-body density matrix is needed in calculating the expectation value of a twobody Hamiltonian. With the assumption that the parent and daughter nuclei were represented by pair condensates with the same pair structure, the pair-transfer amplitudes κ could be calculated in one run together with the occupation numbers ρ. In contrast, the traditional variation method calculates the parent and daughter nuclei separately, each with a different pair structure.
The formalism is tested in the simple two-level model with factorizable pairing interactions, and the semirealistic model with the zero-range delta interaction. In both cases the GDM calculation reproduces quite well the exact density matrices and ground state energy within the physical range of parameters for the realistic spherical nuclear shell model. The errors are small and consistent with the statistical estimates made within a large random ensemble for the BCS-type Hamiltonian in Ref. [20] . In the current form the theory is ready for the application to realistic nuclear systems. plots the root-mean-square deviations from the exact results of the density matrix ρ by the GDM calculation within each subgroup, where black squares and blue circles are for ραα and ρ αβ , respectively. Similarly panel (b) plots the rootmean-square deviations of the density matrix κ within each subgroup, where black squares, blue circles, and red triangles are for καα, κ ββ , and κ αβ , respectively. In panel (c) the black squares show the average value of the pairing correlation energyĒpair within each subgroup, and the blue circles show the average value of the ground state energy by the GDM calculationsĒGDM, measured from the exact one. TABLE II: Density matrices ρ and κ by the exact and GDM calculations in the original single-particle basis. For clarity each single-particle level is represented by a Greek letter as {α, β, γ, µ, ν} = {2s 1/2 , 1d 3/2 , 1d 5/2 , 3s 1/2 , 2d 5/2 }. For each set of calculation the results of density matrices ρ or κ are listed in two rows, with the top row being the exact results and the bottom row the GDM results. The last column gives the errors of the GDM ground state energy relative to the exact one, EGDM = φN |H|φN − Eexact. ραα ρ ββ ργγ ρµµ ρνν ραµ ργν καα κ ββ κγγ κµμ κνν καμ κγν EGDM/keV
